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MODIFYING HYPERKÄHLER MANIFOLDS WITH
CIRCLE SYMMETRY
ANDREW DANCER AND ANDREW SWANN
Abstrat. A onstrution is introdued for modifying hyperkäh-
ler manifolds with tri-Hamiltonian irle ation, that in favourable
situations inreases the seond Betti number by one. This is based
on the sympleti ut onstrution of Lerman. In 4 or 8 dimen-
sions the onstrution may be interpreted as adding a D6-brane. A
number of examples are given and generalisations to three-Sasaki
and hypersympleti geometry disussed.
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1. Introdution
The sympleti ut onstrution of Lerman [21℄ has proved to be a
valuable tool in the study of sympleti manifolds with Hamiltonian
irle ation. The purpose of this paper is to investigate analogues of
this onstrution in quaternioni geometry, in partiular for hyperkäh-
ler manifolds.
We dene a modiation onstrution for a hyperkähler manifoldM
with tri-Hamiltonian irle ation, whih involves replaing a level set
of the moment map by its quotient by the irle ation. The relation-
ship between the omplement of the level set inM and the omplement
of the quotient in the new manifoldM
mod
is more ompliated than in
the sympleti ase. In the sympleti ase one has dieomorphisms
between orresponding omponents, but only `half' of the original man-
ifold appears. For the hyperkähler modiation all of M is involved,
but all we an say, in general, is that there is a third spae whih is a
irle bundle over eah omplement.
When we perform the onstrution, we reate a new hyperkähler sub-
manifold of real odimension four, whih is a omponent of the xed set
of the irle ation in the modied spae; this submanifold is in fat the
quotient of a level set mentioned above and is the hyperkähler quotient
of M at the hosen level. In physial terms this an be interpreted as
adding a new brane to the spae.
The lowest dimensional example of this onstrution produes the
Gibbons-Hawking multi-instanton spaes out of at spae. At eah
stage a irle level set is ollapsed to a point, but the topology at long
range is also hanged. This an be generalised in a higher-dimensional
setting to the tori hyperkähler manifolds of [3℄, where our onstrution
an be interpreted as adding a new ane at to the ombinatorial data
assoiated to the manifold.
We study how the topology hanges under our onstrution. In par-
tiular, we prove that in the simply-onneted ase the seond Betti
number inreases by one.
We onlude by briey disussing analogous onstrutions for three-
Sasaki and hypersympleti spaes.
Aknowledgements. The authors thank Brian Steer and Ulrike Till-
mann for useful disussions, and the Isaa Newton Institute, Cam-
bridge, and the Erwin Shrödinger Institute, Vienna, for hospitality
during the later stages of this work.
2. Sympleti uts
We shall rst review Lerman's sympleti ut onstrution [21℄.
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Let (M,ω) be sympleti with a Hamiltonian irle ation whose
moment map is µ : M → R. We now onsider M ×C with the produt
sympleti struture and the S1-ation
eiθ : (m, z) 7→ (eiθ.m, e−iθz).
whose moment map is
Φ: (m, z) 7→ µ(m)− |z|2 .
The sympleti ut M
ut
= Φ−1(ε)/S1 is the sympleti quotient ofM×
C at level ε. This ts into the following diagram:
M
pi
← Φ−1(ε)
p
→ M
ut
.
Here pi : Φ−1(ε)→M is projetion (m, z) 7→ m, and its image is {m ∈
M : µ(m) > ε}. The map p : Φ−1(ε) → M
ut
is just the quotient
map for the S1-ation. If the irle ation on M (or, more generally,
on Φ−1(ε)), is free then the bres of p are all irles. However the bres
of pi over points in its image are only irles away from the lous µ−1(ε).
Over µ−1(ε), by ontrast, pi is injetive.
Notie that pi admits a setion s : m 7→ (m,+
√
µ(m)− ε). This
is essentially derived from the setion of the map φ0 : z 7→ |z|
2
, the
moment map for the ation on C, whih expresses C as a irle bundle
over R>0 with one speial (point) bre over the origin. Now p ◦ s
gives a surjetion from {m ∈ M : µ(m) > ε} onto M
ut
, whih is a
dieomorphism away from µ−1(ε) but has irle bres on µ−1(ε).
We an rephrase this as follows. The set Φ−1(ε) is the disjoint union
Σ1 ∪ Σ2 where
Σ1 = { (m, z) : µ(m) > ε, |z| = +
√
µ(m)− ε },
Σ2 = { (m, 0) : µ(m) = ε }.
On Σ1, eah orbit of the irle ation ontains a unique (m, z) with z
real and positive (z = +
√
µ(m)− ε). Hene Σ1/S1 may be identied
with {m : µ(m) > ε}. On the other hand, Σ2/S1 is just the sympleti
quotient µ−1(ε)/S1.
Thus one sees that the sympleti ut Φ−1(ε)/S1 may be viewed as
oming from {m : µ(m) > ε} by fatoring out the irle ation on the
boundary µ−1(ε).
3. Hyperkähler modifiations
To dene a hyperkähler manifold we start with a Riemannian man-
ifold (M, g) and three ompatible omplex strutures I, J and K
suh that IJ = K = −JI. Compatibility means that the tensors
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FI(X, Y ) = g(IX, Y ), et., are all 2-forms. One says that M is hyper-
kähler if these three 2-forms are losed. In partiular, FI , FJ and FK
dene sympleti strutures on M .
To generalise the sympleti ut onstrution to hyperkähler geome-
try, we replae the extra fator C in the previous setion with H ∼= R4.
The at metri on H is hyperkähler with omplex strutures indued
by multipliation by unit quaternions on the right. Fixing i we will
often write H = C + jC with omplex oordinates (z, w). This arries
a irle ation preserving the geometry given by
eiθ : (z, w) 7→ (eiθz, e−iθw). (3.1)
This ation is tri-Hamiltonian, meaning that it is Hamiltonian with
respet to eah of the three sympleti strutures. We may ombine
the three moment maps into the single map taking values in R3 = R×C:
(z, w) 7→ (1
2
(|z|2 − |w|2), izw). (3.2)
Now let M be a hyperkähler manifold with a tri-Hamiltonian irle
ation. Consider M ×H with ation:
eiθ : (m, z, w) 7→ (eiθm, e−iθz, eiθw).
The assoiated moment map Φ: M ×H→ R3 = R× C is dened by
Φ: (m, z, w) 7→ (µR(m)−
1
2
(|z|2 − |w|2), µC(m)− izw), (3.3)
where µ = (µR, µC) : M → R3 = R×C is the hyperkähler moment map
for the irle ation on M .
Denition 3.1. The modiation of the tri-Hamiltonian hyperkähler
manifold M at level ε is dened to be M
mod
= Φ−1(ε)/S1, where ε =
(εR, εC) and Φ is as in equation (3.3).
The S1-ation on M ×H is free exept at points (m, 0, 0) where m is
a point of M
non-free
, the set of points of M with non-trivial stabiliser.
The results of [17℄ on the hyperkähler quotient onstrution, show that
the modiation M
mod
will be a smooth manifold provided we hoose
the level ε to be outside µ(M
non-free
).
Denition 3.2. A good modiation of M is the modiation M
mod
at a level ε lying in µ(M) \ µ(M
non-free
). Suh an ε will also be alled
good.
Any good modiation M
mod
arries a hyperkähler struture ob-
tained by restriting the Kähler forms of M × H to the level set and
desending to the quotient. This is a onsequene of the general theory
of hyperkähler quotients in [17℄. In addition, in this ase M
mod
will be
omplete as long as M is omplete.
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Note that, analogously to the sympleti ase, the irle ation
(m, z, w) 7→ (eiψ.m, z, w) (3.4)
on M × H preserves the level set of Φ and ommutes with our pre-
vious S1-ation on that set. So the ation (3.4) desends to a tri-
Hamiltonian ation on M
mod
. More speially, writing [m, z, w] for
the point ofM
mod
represented by (m, z, w) ∈ Φ−1(ε), the moment map
for the ation on M
mod
is [m, z, w] 7→ µ(m).
Summarising the disussion so far we have:
Proposition 3.3. Let M be a hyperkähler manifold with tri-Hamil-
tonian irle ation with moment map µ : M → R3. Then eah good
modiation M
mod
of M is a again a smooth hyperkähler manifold, of
the same dimension as M , with tri-Hamiltonian irle ation.
Note that the irle ation on M
mod
indued by (3.4) is free exept
when there exist eiθ ∈ S1 and eiψ ∈ S1 \ {1} with
(eiψ.m, z, w) = (eiθ.m, e−iθz, eiθw).
This set is the union of the two sets
{[m, 0, 0] : µ(m) = ε},
{[m, z, w] : m ∈M
non-free
, Φ(m, z, w) = ε}
so
µ((M
mod
)
non-free
) = {ε} ∪ µ(M
non-free
).
The modiation onstrution may therefore be iterated, provided that
we hoose our level set suitably at eah stage (and µ(M) \ µ(M
non-free
)
is not a nite set). In partiular, if the irle ation on M is free then
we may iterate the onstrution provided we hange the level set at
eah stage.
Remark 3.4. If one hooses to work in the orbifold ategory then all
that one requires is that the irle ation be non-trivial and that the
xed-point set MS
1
does not meet the level set µ−1(ε).
4. Topology
Let us now analyse the struture of the modiation M
mod
. Reall
(see [3℄ for example) that (3.2) is a map φ : H → R3 = R × C suh
that φ−1(0, 0) is (0, 0) and whose bre over any other point is exatly
a free orbit of the irle ation (3.1). This is the hyperkähler analogue
of the map φ0 : z 7→ |z|
2
from C to R disussed in the sympleti ase.
However, there are two important dierenes:
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(i) the map φ is onto R3, whereas its sympleti analogue φ0 is
only onto the losed halfline R>0 ⊂ R;
(ii) the map φ does not admit a setion, unlike φ0. Indeed on
spheres in H, we see that φ is the Hopf bration S3 → S2.
Point (i) is the reason for our hoie of terminology `modiation' in-
stead of `ut' sine the whole of M ontributes to the onstrution
of M
mod
rather than a proper subset.
We have a diagram
M
pi
← N
p
→M
mod
. (4.1)
Here N = Φ−1(ε) and as before p is just the quotient map for the
irle ation on N , whih has irle bres if S1 ats freely on N . Also
pi : N → M is just projetion (m, z, w) 7→ m. It is now onto M (in
ontrast to the sympleti ase) beause of (i). So we do not remove
half the manifold when we perform the hyperkähler modiation.
The bre of pi is a irle exept on the set X˜ = µ−1(ε) × {(0, 0)},
where pi is injetive. Thus under the modiation, the set X = µ−1(ε)
in M is being replaed by its S1-quotient Xˆ = X/S1, the hyperkähler
quotient of M at level ε, in M
mod
. When ε is good, this set is a
omponent of the xed-point set of the irle ation (3.4) on M
mod
, see
the disussion after Proposition 3.3. Using the results of [10℄, we thus
have:
Proposition 4.1. SupposeM
mod
is a good modiation ofM at level ε.
Then M
mod
ontains the hyperkähler quotient of M at level ε as a
hyperkähler submanifold of odimension 4.
The relation between the omplements M∗ = M \ X and M∗
mod
=
M
mod
\ Xˆ is more ompliated than in the sympleti ase, as (due
to (ii)) the map pi does not admit a global setion. What we do have is
a spae N∗ = N \ X˜ whih is a irle bundle over both M∗ and M∗
mod
.
Remark 4.2. If µ(M) 6= R3 then one also has the possibility of modi-
fying M at a level ε /∈ µ(M). In this situation no new xed-points are
reated, but M
mod
will not be isometri to M and again there will be
a ommon irle bundle above both spaes. This situation is exluded
by our denition of good modiation.
4.1. Euler harateristi. As mentioned above the ollapsed set Xˆ
inM
mod
will be a omponent L of the xed-point set of the hyperkähler
irle ation (3.4) on M
mod
. It has real odimension 4 in M
mod
and its
normal bundle will be a non-trivial irle representation of quaternioni
dimension one.
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Suppose the irle ation on M
mod
has no non-trivial nite isotropy
groups, and that all omponents of L are of odimension 4. Then
M
mod
/S1 will be a smooth manifold: the spheres in the normal bundle
are opies of S3, whose quotient by S1 will be S2. As this is a boundary
it an therefore be lled in in the quotient, see [14, 15, 1℄.
In the language of string theory suh a omponent of L is a D6-
brane when the ambient spae is 4- or 8-dimensional. Whenever we
modify M , therefore, we are adding in a new brane whose position is
determined by the level ε.
Note also that, by a standard argument, the Euler harateristi
ofM
mod
will be the sum of the Euler harateristis of the omponents
of the xed-point sets of the irle ation. Indeed if L has nitely many
onneted omponents Li, for i = 1, . . . , k, and Vi are mutually disjoint
tubular neighbourhoods of Li, then as the irle ation on Mmod \ L is
free, we see that the intersetion with Vi has χ = 0, so
χ(M
mod
) =
k∑
i=1
χ(Vi) + χ(Mmod \ L) =
k∑
i=1
χ(Li) = χ(L).
This an sometimes yield useful information on the topology of M
mod
.
4.2. Cohomology. Our aim is to relate the ohomology of M and its
good modiationM
mod
. In our ohomology alulations we shall take
oeients over R unless otherwise stated. We shall also assume that
our manifolds have nite topologial type.
We use the notation introdued at the beginning of this setion, and
in addition hoose a tubular neighbourhood U of X = µ−1(ε) in M .
Noting that X˜ = pi−1(X), we write U˜ = pi−1(U) and put U
mod
= p(U˜).
Again p(X˜) = Xˆ and U
mod
is a neighbourhood of Xˆ inM
mod
. As above,
a star
∗
on a set will denote the omplement of the orresponding set
assoiated to X , e.g., U∗
mod
= U
mod
\ Xˆ .
Observe that in the diagram (4.1), N∗ is the total spae of irle
brations over both M∗ and M∗
mod
. We denote the Euler lasses by e
and e′, respetively. Similarly, we have that U˜∗ is the total spae of
irle brations over U∗ and U∗
mod
.
We note that the normal bundle of X in M is trivial. In fat if ξ
denotes the Killing eld for the irle ation on X , then Iξ, Jξ,Kξ
give an expliit trivialisation. Hene we may take U∗ to be homotopi
to S2 ×X .
Lemma 4.3. Suppose M is simply onneted. Then M
mod
is also sim-
ply onneted and
b2(M
∗) = b2(M
∗
mod
) = b2(Mmod). (4.2)
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Proof. As X has odimension 3 inM , we dedue thatM∗ is also simply
onneted so H1(M∗,Z) = 0 and H2(M∗,Z) is torsion-free, by the
Universal Coeient Theorem.
Applying the Gysin sequene to the bration S1 → N∗
pi
→ M∗ we
obtain:
0 → H1(N∗)
pi∗→ H0(M∗)
∧e
→ H2(M∗)
pi∗
→ H2(N∗)
pi∗→ H1(M∗) = 0
As e 6= 0 we dedue that H0(M∗) injets into H2(M∗) so H1(N∗) = 0
and
b2(M
∗) = b2(N
∗) + 1. (4.3)
The long exat homotopy sequene from S1 → N∗
p
→M∗ yields:
1→ pi2(N
∗)→ pi2(M
∗)→ Z→ pi1(N
∗)→ 1;
hene pi1(N
∗) is a homomorphi image of Z. As H1(N∗) = 0, we
dedue that pi1(N
∗) is trivial or Z/mZ for some m. In the latter ase
the universal over P of N∗ is a prinipal irle bundle P → M∗ suh
that Pm = N∗. However, the set U ⊂M is dieomorphi to the normal
bundle of X inM , and over a bre of this normal bundle the restrition
of N∗ is homotopi to the Hopf bration, so N∗ admits no suh mth
root P . We onlude that N∗ is simply onneted.
The long exat homotopy sequene from S1 → N∗ → M∗
mod
now
gives:
1→ pi2(N
∗)→ pi2(M
∗
mod
)→ Z→ pi1(N
∗) = 1 → pi1(M
∗
mod
)→ 1;
so pi1(M
∗
mod
) is trivial.
The Gysin sequene from S1 → N∗
p
→ M∗
mod
gives:
0→ H0(M∗
mod
)
∧e′
→ H2(M∗
mod
)
p∗
→ H2(N∗)
p∗
→ H1(M∗
mod
) = 0.
We dedue that e′ 6= 0 and
b2(M
∗
mod
) = b2(N
∗) + 1. (4.4)
Now Xˆ is odimension 4 in M
mod
, so pi1(Mmod) = pi1(M
∗
mod
) = 1 and
pi2(Mmod) = pi2(M
∗
mod
). By Hurewiz H2(M
mod
,Z) = H2(M∗
mod
,Z) and
the required result follows from (4.3) and (4.4). 
Theorem 4.4. Suppose M is a hyperkähler manifold with tri-Hamil-
tonian irle ation and nite topologial type. Let M
mod
be a good
modiation of M at a level ε suh that X = µ−1(ε) has nite topolog-
ial type. If M is simply onneted, then
b2(Mmod) = b2(M) + 1.
MODIFYING HYPERKÄHLER MANIFOLDS WITH CIRCLE SYMMETRY 9
Proof. By the Lemma, we need to ompare b2(M
∗) and b2(M).
We have a Thom-Gysin sequene
· · · → H i(M) → H i(M∗)→ H i−2(X)→ H i+1(M)→ · · · (4.5)
This an be obtained by applying Mayer-Vietoris to M = M∗ ∪ U .
Realling that U ≃ X and M∗ ∩ U = U∗ ≃ S2 ×X , we obtain:
· · · → H i(M)→ H i(M∗)⊕H i(X)
→ H i−2(X)⊕H i(X)→ H i+1(M) → · · · ,
where the H i−2(X) ⊕ H i(X) term is the Künneth deomposition of
H i(S2 × X). Now if ∗ is a basepoint in S2 we an onsider X
κ
→
S2 × X
ι
→ R3 × X
pi
→ X , where κ : x 7→ (∗, x), the map ι is inlusion
and pi is projetion. As piικ is the identity and pi∗ is an isomorphism
on ohomology, we dedue ι∗ maps H i(R3 × X) = H i(U) = H i(X)
isomorphially onto the H i(X)-part of H i(S2 × X). This yields the
sequene (4.5).
As we are assumingM is simply onneted the sequene (4.5) begins
0→ H2(M) → H2(M∗)→ R→ H3(M)→ H3(M∗)→ · · · (4.6)
The map from R = H0(X) → H3(M) is the Thom isomorphism for
the normal bundle of X followed by extension by zero. So the image
of 1 ∈ H0(X) is the losed Poinaré dual ηX of X in H3(M), [4,
eqn. (5.13), p. 51℄. However, the operation of taking the Poinaré dual
is natural with respet to maps in the sense that ηf−1(S) = f
∗ηS if S is
transverse to f . This gives
ηX = ηµ−1(ε) = µ
∗η{ε},
sine ε is a good and so a regular value of µ. Now η{ε} is zero as it
lives in H3(R3) = 0, so ηX = 0 ∈ H
3(M) and the sequene (4.6) splits
after R. Thus the desired onlusion on the seond Betti numbers now
follows. 
5. Examples
5.1. Multi-instanton metris. Let M = H with irle ation q 7→
eitq. The assoiated moment map µ : M → R3 has irle bres, exept
for the point bre over the origin. Modifying at a non-zero level, we
obtain a new hyperkähler 4-manifold with a hyperkähler irle ation.
One of the level sets of µ has been replaed by its quotient by the irle
ation, that is, it has been shrunk to a point. So M
mod
maps to R3
but now has two point bres. This is the Eguhi-Hanson spae, whih
has b2 = 1. Repeating the onstrution gives the multi-instanton series
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of Gibbons & Hawking [13℄. The topology of these spaes is generated
by a hain of k − 1 two-spheres, where k is the number of point bres.
Eah time we perform the onstrution, therefore, the seond Betti
number inreases by one.
5.2. Taub-NUT metris. Let us take M to be R3 × S1 = H/Z with
the at hyperkähler struture indued from that on H. The free irle
ation has a moment map whih is just projetion onto the R3 fator.
Applying the modiation onstrution shrinks one of the bres to a
point, and we obtain the Taub-NUT spae whih is topologially H
but has a non-at metri. Repeating the onstrution gives the multi-
Taub-NUT series whih are topologially, but not metrially, the same
as the multi-instanton series.
5.3. Hyperkähler tori manifolds. A generalisation of Example 5.1
is provided by the tori hyperkähler manifolds of [3℄. These arise as
hyperkähler quotients of Hd by a sub-torus N of Td. We hoose N
by taking its Lie algebra n to be the kernel of a surjetive linear
map β : Rd → Rn given by
β : ek 7−→ uk, (5.1)
with ui ∈ Zn (here e1, . . . , ed are the standard basis vetors for Rd). So
N is determined by a hoie of d vetors u1, . . . , ud spanning Rn.
The hyperkähler quotient M has dimension 4n, and n = d− dimN .
Muh of the geometry ofM is determined by the ats Hk, k = 1, . . . , d
whih are odimension 3 ane subspaes of R3n dened by equations:
{y ∈ Rn ⊗ R3 : 〈y, uk〉 = λk},
where the λk = (λ
1
k, λ
2
k, λ
3
k) ∈ R
3
. The projetions of
∑d
k=1 λ
j
kek,
j = 1, 2, 3, to n∗ give the hoie of level set involved in dening the
hyperkähler quotient M .
Now M admits a hyperkähler ation of Tn = Td/N . The moment
map φ : M → R3n for this ation is surjetive and its bres over generi
points are opies of Tn. However the bres are lower-dimensional tori
over points lying in the union of the ats Hk. More preisely, the T
n
-
stabiliser of a point inM lying over y has Lie algebra spanned by those
vetors uk suh that y ∈ Hk, see [3, 3℄. Also, M has at worst orbifold
singularities if and only if no n + 1 ats meet.
The modiation M
mod
may also be viewed as a tori hyperkähler
manifold whih is now a quotient of Hd+1 by a torus Nˆ with Lie alge-
bra nˆ. We an view nˆ as the kernel of a map βˆ : Rd+1 → Rn, where βˆ is
dened as in (5.1), exept that we now introdue an additional vetor
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ud+1 =
∑d
i=1 ξiui. So nˆ is an extension of n by the 1-dimensional alge-
bra 〈ξ〉. (We an regard ξ as the generator of the irle ation on M
by whih we hoose to perform the modiation).
In terms of the onguration of ats, forming M
mod
from M orre-
sponds therefore to adding one new at Hd+1.
Note that the multi-instanton spaes of Example 5.1 are just the
n = 1 ase of this disussion. Here the ats Hk are just points in R
3
.
In [3, 6℄, the topology of M was examined in terms of the ombi-
natorial data of the ats. We onsidered the hyperplanes H1k in R
n
dened by 〈x, uk〉 = λ1k. These divide up R
n
into a union of polyhe-
dra, and we formed the bounded polyhedral omplex C onsisting of the
bounded polyhedra in this olletion and their faes.
Theorem 6.5 of [3℄ showed thatM is simply onneted with Poinaré
polynomial
Pt(M) =
n∑
k=0
dk(t
2 − 1)k, (5.2)
where dk is the number of k-dimensional elements of C. In partiular,
the odd-dimensional ohomology vanishes. (Theorem 6.5 is in fat still
true if M is allowed to have orbifold singularities). It follows from the
disussion of 4.2 that b2(Mmod) = b2(M) + 1.
As an example we an onsider the Calabi spae M = T ∗P2, whih
orresponds to taking d = 3, n = 2, u1 = e1, u2 = e2 and u3 =
−(e1+ e2). The omplex C therefore onsists of a right triangle and its
faes. We have a T2-ation on M and an hoose any irle subgroup
of T2 in forming the modied spae M
mod
.
Figure 5.1: T ∗P2 (left) and two of its modiations.
Forming M
mod
will involve adding a new hyperplane; depending on
the hoie of hyperplane (i.e., the hoie of irle ation) we an arrange
for (d1, d2) of Mmod to equal (6, 2) or (8, 3), see Figure 5.1. (For Mmod
to be an orbifold we require that no three hyperplanes meet).
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The Betti numbers of a tori hyperkähler orbifold with n = 2 are,
from (5.2), given by b2 = d1 − 2d2 and b4 = d2. Note that for M we
have (d1, d2) = (3, 1) so b2 = b4 = 1, as we know from the desription
of M as T ∗P2.
Both the possibilities for M
mod
mentioned above yield b2 = 2 but b4
an be 2 or 3 depending on the hoie of irle ation.
The quadrati homogeneity of the moment map involved in forming
tori hyperkähler quotients means that we an apply the arguments
for asymptotis used by Kronheimer [20℄ in four dimensions. Radi-
ally saling by r in Hd orresponds to staying instead at the same
distane from 0 in Hd and instead saling λ by r−2. It follows that
the tori hyperkähler quotients are asymptotially onial in generi
diretions. The base of the one is an open set in the 3-Sasaki spae
orresponding to λ = 0, f. 6. However there may be bad diretions
where this fails, orresponding to singularities of the 3-Sasaki quotient
(f. Bielawski [2℄).
Forming the modiation, therefore, preserves the generi asymptot-
ially onial nature of the manifold, but will in general alter the base
of the one.
More generally, for general hyperkähler manifolds, we onjeture that
generi asymptotially onial or asymptotially loally onial (as-
ymptoti to a onstant irle over a one) behaviour will be preserved
under modiation, but with the base of the one being hanged, and
possibly with bad non-generi diretions being reated
5.4. Gauge theory quotients. We shall now onsider some spaes
arising from innite-dimensional gauge theoreti onstrutions. In on-
trast to the preeding examples, these spaes may have odd-dimensional
ohomology (in partiular non-zero b3).
Reall from [19℄ that the otangent bundle T ∗GC of the omplexi-
ation of a ompat Lie group G admits a hyperkähler struture. This
is obtained by identifying T ∗GC with the spae of g-valued solutions
to Nahm's equations smooth on [0, 1], modulo gauge transformations
that are the identity at t = 0, 1.
These spaes were analysed by the authors in [9℄. They admit two
ommuting ations of G preserving the hyperkähler struture, orre-
sponding to gauge transformations that are the identity at one end-
point but not neessarily at both. It follows from [9, Proposition 4℄
that these ations are free, as that Proposition onstruted equivariant
dieomorphisms between T ∗GC and an open set in G× (g∗)3 ontain-
ing G × (0, 0, 0), where G ats by left or right translations on the
fator G in the image.
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We therefore have a large supply of free hyperkähler irle ations
on T ∗GC. We an perform the modiation onstrution repeatedly
on T ∗GC, giving new families of hyperkähler manifolds of dimension
4 dimG. Using a single irle one obtains for example manifolds with
G×N(S1)-symmetry ontaining, where N(S1) is the normaliser of the
hosen irle S1 in G. Some of these examples will ontain T ∗(GC/C
∗)
in the xed set of the irle ation. Repeatedly modifying with respet
to fators of a maximal torus Tn, one an also obtain families of G×Tn-
invariant omplete hyperkähler metris.
Other examples of hyperkähler spaes with free group ations may
be obtained by onsidering moduli spaes of Nahm data dened on
sets of intervals, where the Nahm matries are non-singular at some
subset of endpoints. An example is the hyperkähler 8-manifold M
with free SU(2)-ation studied in [7, 8℄. This spae is homeomorphi
to SU(2)× R5. The hyperkähler quotients µ−1(ε)/S1 of M by a irle
subgroup of SU(2) all have the homotopy type of the double over of
the Atiyah-Hithin manifold, whih orresponds to taking ε = 0. This
non-ompat 4-manifold retrats onto S2. We dedue from 4.1 that
the orresponding modiation M
mod
has Euler harateristi equal
to 2.
5.5. Tori modiations. In the sympleti ase, Burns, Guillemin
& Lerman [6℄ have generalised the ut onstrution by onsidering sym-
pleti manifolds M with a Tn ation and moment map µ. They then
take a tori variety X of omplex dimension n with a Tn-ation and
assoiated moment map ψ : X → ∆, where ∆ is a polytope in Rn,
and onsider the produt M ×X with the anti-diagonal Tn-ation and
assoiated moment map µ− ψ. The sympleti quotient is then alled
the sympleti ut of M by the tori variety X . One an think of
the ut as being obtained by removing the omplement of µ−1(∆ + ε)
and fatoring out on the boundary the ations of the torus stabilisers
orresponding to faes of ∆.
We may perform an analogous onstrution in the hyperkähler ase,
taking X to be one of the tori hyperkähler manifolds mentioned in
Example 5.3 with quaternioni dimension n. As mentioned above the
hyperkähler moment map φ : X → R3n is surjetive, and its bres are
generially T
n
but beome lower-dimensional tori on the intersetions Ij
of the ats Hk. At points of X in the pre-image of suh intersetions,
the Tn-ation has non-trivial torus stabilisers, see [3, 3℄.
Forming the generalised hyperkähler modiation (M
mod
)X therefore
involves fatoring out the sets µ−1(Ij + ε) by the orresponding torus
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stabilisers. The omplement of these sets inM is not neessarily dieo-
morphi to the omplement in (M
mod
)X of the quotients of these sets;
as in the original onstrution, all we an say is that there is a third
spae whih is a Tn-bundle over eah omplement.
6. Modifying three-Sasaki strutures
A three-Sasaki manifold (S, g) is best desribed by the property that
the one (C(S) = R>0×S, dt2+t2g) is hyperkähler. Three-Sasaki man-
ifolds are of dimension 4n + 3 and provide many interesting examples
of ompat Einstein manifolds of positive salar urvature; see the sur-
vey [5℄ and more reent papers by the same authors.
If S admits a irle ation, then this provides a tri-Hamiltonian sym-
metry of the one C(S). On C(S) there is a unique hoie of hyper-
kähler moment map µ that is homogeneous with respet to saling in
the t variable. The restrition µS of µ to S at t = 1 may then be used
to dene a quotient onstrution in the three-Sasaki ategory provided
one redues at the level 0.
To modify S with respet to the irle ation, onsider the hyper-
kähler modiation of C(S) at level 0. This is the quotient of the set
{(t, s, z, w) ∈ R>0 × S × C× C : t
2µS(s) = (
1
2
(|z|2 − |w|2), izw) (6.1)
by the ation
eiθ : (t, s, z, w) 7→ (t, eiθ.s, e−iθz, eiθw). (6.2)
Sine the dening equations in (6.1) are homogeneous with respet to
the saling (t, s, z, w) 7→ (λt, s, λz, λw) the quotient spae is a hyper-
kähler one of a three-Sasaki spae S
mod
that we all the modiation
of S.
More onretely, S
mod
is the quotient of the set of points in (6.1)
satisfying
t2 + |z|2 + |w|2 = 1 (6.3)
by the ation (6.2). This is a smooth three-Sasaki manifold of the same
dimension as S provided the irle ation is free on µ−1S (0) ⊂ S.
Proposition 6.1. Let S be a ompat three-Sasaki manifold with irle
ation that is free on µ−1S (0). The three-Sasaki modiation Smod is also
ompat and ontains a opy of the three-Sasaki quotient of S.
Proof. It is suient to show that t is bounded away from zero on the
intersetion of (6.3) with (6.1).
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As S is ompat, there is a K > 0 suh that ‖µS(s)‖ 6 K for all
s ∈ S. Sine (1
2
(|z|2 − |w|2), izw) has length 1
2
(|z|2 + |w|2), we see that
t2K >
∥∥t2µS(s)
∥∥ = 1
2
(1− t2).
Thus t2 > 1/(1 + 2K), as required.
The three-Sasaki quotient of S arises as the image of the points where
z = 0 = w. 
Simple examples of this onstrution are provided by taking S to
be a round sphere S4n−1 ⊂ Hn with the diagonal irle ation. The
modiation is then the three-Sasaki quotient of the sphere S4n+3 by
the irle with weights (1, . . . , 1,−1), whih is shown to be smooth
in [5℄. More generally, if we onsider the irle ation on S4n−1 with
pairwise o-prime non-zero weights (p1, . . . , pn), then the modia-
tion is the smooth 3-Sasaki quotient of S4n+3 by the irle of weights
(p1, . . . , pn,−1). The ohomology alulations of Bielawski [2℄ again
show that for tori 3-Sasaki orbifolds the modiation inreases the
seond Betti number by one.
7. Hypersympleti uts
Hypersympleti strutures were introdued by Hithin [16℄ and have
subsequently been studied, for example, in [18, 12, 11℄. We begin with
a pseudo-Riemannian manifold (M, g) and three endomorphisms I, S
and T of the tangent bundle suh that I2 = −1, S2 = +1 = T 2
and IS = T = −SI. These endomorphisms should be ompatible
with g in the sense that the tensors FA(X, Y ) = g(AX, Y ), for A =
I, S, T , are all 2-forms; this implies that g has signature (2n, 2n). One
says that M is hypersympleti if these three 2-forms are losed. As
a pseudo-Kähler manifold, (M, g, I) is then Rii-at and so neutral
Calabi-Yau, the at model being C
n,n
. Also, sine FI , FS and FT now
dene sympleti strutures on M , one an disuss tri-Hamiltonian
group ations. The behaviour of hypersympleti manifolds, espeially
as regards the geometry of their moment maps, is in some respets
intermediate between Kähler and hyperkähler geometries.
Given a hypersympleti manifold with a irle ation and moment
map µ : M → R3, we an form a hypersympleti ut Φ−1(εR, εC)/S1
where
Φ: (m, z, w) 7→ (µR(m)−
1
2
(|z|2 + |w|2), µC(m)− izw¯)
is the moment map for the S1-ation
eiθ : (m, z, w) 7→ (eiθ.m, e−iθz, e−iθw)
on M × C1,1.
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Reall from [11℄ that the moment map φ
hs
: C1,1 → R3 is given by
φ
hs
: (z, w) 7→ (1
2
(|z|2 + |w|2), izw¯)
and desends to a two-to-one map from C1,1/S1 onto {(a, b) ∈ R× C :
a > |b|}, branhed over the boundary a = |b|. Note the 3-sphere
|z|2 + |w|2 = 2a in C1,1 maps to the dis {b : |b| 6 a}. As the double
over of the dis branhed over the boundary is the 2-sphere, our map
is essentially the Hopf bration again.
As usual, we have a diagram
M
pi
← Φ−1(ε)
p
→M
ut
where p is the quotient map for the irle ation and pi is projetion
to M .
Now the image of pi is the subset of M :
pi(M) = {m ∈M : µR(m)− εR > |µC(m)− εC| }.
So, as in the sympleti ase, but unlike the hyperkähler ase, we are
indeed removing part of the hypersympleti manifold, that lying over
the exterior of the one in R3.
In some ases, depending on the shape of µ(M), and the hoie of
one vertex (εR, εC) the hypersympleti ut may give a ompatia-
tion of µ(M) and even of M , as in the sympleti ase. An example
is given by Example 7.2 of [11℄. However the hypersympleti stru-
ture may degenerate on a lous within the ompatiation, as indeed
happens with this spei example. The same example with a dier-
ent hoie of irle ation on M = C1,1 and appropriate hoie of level
shows one an alternatively obtain a omplete non-degenerate hyper-
sympleti M
ut
that is neither at nor onneted.
Observe also that the bre of pi over a point in pi(M) where inequality
is strit is two irles. Also, pi is injetive over µ−1(εR, εC) × {(0, 0)}
and has bre equal to a single irle over other points of pi(M) where
equality holds.
As in the hyperkähler ase, the irle brations in pi will be non-
trivial.
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